This paper is concerned with numerically solving of a nonlocal fractional boundary value problem (NFBVP) by hybridizable discontinuous Galerkin method (HDG). The HDG methods have been successfully applied to ordinary or partial differential equations in an efficient way through a hybridization procedure. These methods reduce the globally coupled unknowns to approximations at the element boundaries. The stability parameter has to be suitably defined to guarantee the existence and uniqueness of the approximate solution. Some numerical examples are given to show the performance of the HDG method for NFBVP.
Introduction
Consider a fractional differential equation with nonlocal boundary conditions as follows [1] , and f are given functions such that satisfy the existence and uniqueness of the solutions of the problem. Fractional differential equations arise in modeling many natural phenomena of physics, engineering, electrodynamics of complex medium, aerodynamics, porous media, continuum and statistical mechanics [2] [3] [4] [5] [6] [7] . The multipoint boundary conditions arise from many phenomena such as thermodynamics, elasticity, and wave propagation of applied sciences [8] and the references therein. These boundary conditions can be interpreted as the controllers at the end of the points distribute or add energy with respect to censors settled at intermediate points. Some basic studies and recent researches on the NFBVP s can be found in [9] [10] [11] [12] [13] [14] [15] .
Benchohra et al. [16] established sufficient conditions for the existence results of NFBVP with Caputo derivative
where  
: 0, x f T R R  and : ( , ) g C J R R  are continuous functions. Bai [17] studied the existence and uniqueness solution of the following nonlocal problem
where 1 2
El-Sayed and Bin-Thaer [18] obtained the existence of at least one solution for nonlocal multipoint boundary value problem as follows
Li and Wu [19] proposed a new numerical method based on the reproducing kernel method for the following NFBVP Cockburn et al. [16] firstly presented the HDG methods in the framework of second order elliptic problems. These methods involve hybridized mixed, continuous Galerkin, nonconforming, and HDG methods. The HDG methods have an efficient convergence results for the ordinary or partial differential equations and a built-in stabilization mechanism which do not degrade their accuracy [20] [21] [22] [23] .
The application of the HDG methods for fractional differential equations is limited in the literature. Cockburn and Mustapha [24] The aim of this paper is to derive an efficient numerical solution of (1)- (2) problem by HDG method. To the best of my knowledge, this is the first time an HDG method is applied to the NFBVPs in a systematic way.
The organization of this paper is as follows. In Section 2, the HDG method is presented with its basis components for the NFBVP. The characterization of the HDG approximation is given in Section 3. The convergence results of the method are given on numerical examples in Section 4.
The HDG methods
The HDG method is applied to the (1)- (2) problem by defining Caputo fractional derivate with an operator T as follows
Using two unknown variables p and q in (1), the HDG formulation is obtained as follows
Given a positive integer N ,  is divided into N elements by setting
The set of nodes and interior nodes are defined as 
P K denote the set of polynomials of degree less than or equal to 0 k  that is a given polynomial degree on K . The space of piecewise polynomials of degree k on  is defined as follows : { :
: (12) where the space is defined as
, . 0, 
The boundary condition (2) is imposed by requiring that
and the numerical trace ˆh q is given as follows
where  is a stability parameter of the linear system that is a nonnegative function on .
h ¶W (13), (14) and (15) construct the framework of the HDG method.
Characterization of the HDG approximation
This section are first give the local solvers that form the basis of the HDG method. The first local solver is defined on h K   as the mapping 2 3 ( ) ( , ,
, . 0,
The second local solver is defined on the element
for all , , ( ) 
where
) .
Proof. It is clearly seen as a reference to [20] and [28] rewriting (19) with respect to the last equation called as conservativity condition in (13).
Remark 2.2
The logarithm of the ratio of the two consecutive errors for the two HDG approximations with consecutive meshes are given as convergence order of the approximate solution and
where  is convergence order, C is a constant number independent of h . Also, 
Numerical examples
In this section, two numerical examples are given to test the convergence order and accuracy of the HDG approximation for NFBVPs using MATLAB 2014a.
Example 4.1 Consider the following nonlocal fractional boundary value problem [19, 29] 
where the fractional order 1.3 
Conclusion
In this paper, the numerical solution of a NFBVP is investigated using HDG method. The HDG method captures the exact solution (up to the machine accuracy) of these problems by increasing the degree of the polynomial basis functions. The convergence order and error show the effective performance of the HDG method on the problem under consideration.
